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Fixed Point Results in Fuzzy Mappings
with Rational Expressions

Existence of fixed points for fuzzy mappings on a complete
metric space including rational expressions are proved.

Keywords: Fuzzy Metric Space, Common Fixed Point, Complete Metric
Space.
Introduction
In 1965 the fuzzy sets was introduced by Zadeh [23] and measure
of fuzzy events in [24]. After that a lot of work has been done regarding
fuzzy sets and fuzzy mappings. The concept of fuzzy mappings was first
introduced by Heilpern [12], he proved fixed point theorem for fuzzy

Gourish Parashar contraction mappings which is a fuzzy analogue of the fixed point theorem

Research Scholar, for multi valued mappings of Nadler [17], Vijayaraju and Marudai [21]
Deptt. of Mathematics, generalized the Bose and Mukherjee's[2] fixed point theorems for
M.G.C.G.V. contractive types fuzzy mappings. Marudai and Srinivasan [16] derived the
Chitrakoot, M.P., India simple proof of Heilpern [12] theorem and generalization of Nadlers [17]

theorem for fuzzy mappings.
Review of Literature
Bose and Sahani [3], Butnariu [5],[6],[4], Chang and Huang [9],
Chang [8], Chitra [10], Som and Mukharjee [20] studied fixed point
theorems for fuzzy mappings. Lee and Cho[14] described a fixed point
theorem for contractive type fuzzy mappings which is generalization of
Heilpern [12] result. Lee, Cho, Lee and Kim [15] obtained a common fixed
point theorem for a sequence of fuzzy mappings satisfying certain
conditions, which is generalization of the second theorem of Bose and
Sahini [3].
Anil Agrawal _Recently_, Rajendran and Ba_lasubramgnian [_19] worked on fuzzy
Associate Professor contraction mappings. More recently in 2007 Vijayaraju and Mohanraj [22]
. obtained some fixed point theorems for contractive type fuzzy mappings
Deptt.of Mathematics, which are generalization of Beg and Azam [1], fuzzy extension of Kirk and
M.G.C.G.V. Downing [13] and which obtained by the simple proof of Park and Jeong
Chitrakoot M.P., India [18] .
Aim of the Study
Although a bulk of research work has been done with different
type of fuzzy mappings with different concepts. But in this paper we are
going to prove some fixed point and common fixed point theorems in fuzzy
mappings in metric space, 2 metric space for a real valued function on a
set X and also in 3 metric space.
Preliminaries
To prove the results we need following definitions:
Definition 2.1: (Fuzzy Mappings)
Let X be any metric linear spaces and d be any metric in X. A
fuzzy set in X is a function with domain X and values in [0,1]. If A is a fuzzy

Man 0] Kumar Shukla set and x € X, the function value A(x) is called the grade of membership of
Professor, x in A. The collection of all fuzzy sets in X is denoted by £(x).
Deptt.of Mathematics, Let A e F(x) and a € [0,1]. The set a —level set of 4, denoted by 4,
Institute for Excellence in Higher Ay = {x: A(x) = a}if a €[0,1],
Education, Now we distinguish from the collection £(x) a sub collection of
Bhopal, M.P., India approximate quantities, denoted W (x).

Definition 2.2

A fuzzy subset A of X is an approximate quantity iff its a-level set
is a compact subset (non fuzzy) of X for each @ € [0,1], and sup A(x) = 1
Vx€X.

When A € W(x) and A(xy) =1 for some x, € W(x), we will
identify A with an approximation of x,. Then we shall define a distance
between two approximate quantities.
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Definition 2.3

LetA,B € W(x), a € [0,1], define
p.(A,B) =infd(x,y),Vx € Ay, B,

D,(A,B) = dist(4,4,B,),
d(A,B) =sup D, (4, B)

Where dist. is Hausdorff distance. The
function p, is called a-spaces, and a distance
between A and B. It is easy to see that p, is non
decreasing function of a. We shall also define an
order of the family W(x),which characterizes
accuracy of a given quantity.

Definition 2.4

Let A,B € W(x). An approximate quantity A
is more accurate then B, denoted by
ACB,iff A(x) < B(x),foreachx €X.

Now we introduce a notion of fuzzy mapping,
i.e. a mapping with value in the family of approximate
quantities.

Definition 2.5

Let X be an arbitrary set and Y be any metric
linear space. F is called a fuzzy mapping iff F is
mapping from the set X into W(Y),i.e F(x) €
W(Y)foreachx € X.

A fuzzy mapping F is a fuzzy subset on
X x Y with membership function F(x,y). The function
value F(x,y) is grade of membership of y in F(x).

Let A € F(X),B € F(Y) the fuzzy set F~1(B) in £(X),
is defined as

F71(B)(x) = sup(F(x,y) N B(¥))
x€EX,yeyY.

First of all we shall give here the basic
properties of a-space and a-distance between some
approximate quantities.

Lemma 2.1

Letx € X, A € W(X) and {x} be a fuzzy set
with membership function equal a characteristic
function of set {x}. If {x} is subset of a then p, (x,4) =
0 for each a € [0,1].

Lemma 2.2

Pe (0, A) < d(x,y) +pa (v, 4) forany x,y €

where

Lemma 2.3

If {xo} is subset of A, then p,(xq,B) <
D, (A, B) for each B € W(X).

Lemma 2.4[14]

Let (X,d) be a complete metric linear space,
T be a fuzzy mapping from X into W(X) and x, € X,
then there exists x; € X such that {x;} c T{xq}
Lemma 2.5[15]

Let A, B € W(X) then for each {x} c 4, there
exists {y} c B such that D({x},{y}) < D (4,B)

Let X be a non empty set and I = [0,1]. A
fuzzy set of X is an element of [*. For A,B € I* we
denote A c Bif and only if A(x) < B(x) for each
x € X.

Definition 2.6[17]

An intuitionist fuzzy set (i-fuzzy set) a of X is
an object having the form
a = (A, A%), where A%, 4% € I* and A'(x) + A%(x) < 1
for each x € X.

We denote by IFS(X) the family of all i-fuzzy sets of
X.
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Definition 2.7[16]

Let x, be a fuzzy point of X. We will say that
(xq,1—x,) is an i-fuzzy point of x and it will be
denoted by [x,]. In particular [x] = ({x},1 — {x}) will
be called an i- point of X.

Definition 2.8[17]

Let A,B € IFS(X). Then A c Bif and only if
Al ¢ Btand B? c A?

Remark 2;

Notice [x, ] € 4 if and only if x, ¢ A'

Let (X, d) be a metric linear space. The a- level set of
A is denoted by

Ay, ={x:A(x) = a}ifa €]0,1] and 4y = {x: A(x) > a},
Hadzic [11] called a fuzzy mapping from the set of
X into a family W (X) c I* defined as A € W(X) if and
only if A, is compact and convex in X for each
a €]0,1] and Sup {Ax: x € X} = 1.

In this context we give
definitions.
Definition 2.9[6]

Let X be a metric space and « € [0,1].
consider the following family
W, (x) = {A € I*: A, is nonempty, compact and convex}

Now we define the family if i-fuzzy sets of X
as follows:

P, (X)={A€lIFS(X):A' e W,(x)}, it is clear that
ael,WX) cd,X).
Definition 2.10[16]

Let x, be a fuzzy point of X. We will say that
is a fixed fuzzy point of the fuzzy mapping F over X if
X, C F(x) (i.e. the fixed degree of x is at least a). In
particular and according to [4], if (x) c F(x), we say
that x is a fixed point of F.

Main Results
Theorem 3.1

Let (X, d) is a complete metric space T be
fuzzy mapping from X into W, (x) such that
Do (T(x), T(y)) <

« Pa(xT(X)) pa(y, TGN +0a (¥, T1))pa(x,T ()
Pa(x,T@))+pa(y,T))+pa(xT(G))+pa(y.T())
B Pa (T ())pa (¥, TG))+0a (x,T3))pa (y,T (X)) +[d (x,)]1
Pa (6T () +pa(y,T )42 (X TG))+pa (v, T())+d (x,y)
Pa (T ())pa (x,T 1)) +0a (y,T3))pa (.7 () +d (x, )]
Pa(x,T())+pa(y,T())+pa (2 TG))+pa (v, T())+d (x,y)
8d(x,y)

the following

For all x,yeX,x#y with p,(x,T(x))+
P (1, TD) + pa (6, T(3)) +pa (v, T () # 0.

And a*B,y,6 €[0,1) with 3a+26+3y+
36 < 3.then T has fixed point in X......... 3.1.1)

If for some positive integerp,
continuous and then T has a fixed point.
Proof

TP is

If there exists x € X such that x, is fixed
fuzzy point of F, i.e. x, € TP (x) then X, k™"d(x,y) =
0. Let xo € K and suppose that there exists
x; € (TP (xo))a such that Y7 ; k™d(xg, %) < 0. Since
(TP (xl))a is a nonempty compact subset of X, then
there exists x, c (T? (xl))a such that:
d(x1,%3) = po (7 (x1)) < Do (TP (%), TP (1))

By induction we construct a sequence {x,}in X such
that x,, < (T? (xn_l))a
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Therefore its subsequence {x,;}, where (n, = mn,) also converges to v. Also,
TP (v) = TP limy Lo Xpp | = limp L0 TP Xy = limy o0 X414 = V-
So v is fixed point of TP
Now we show that Tv = v. Let m be the smallest positive integer such that T™(v) =v, but T*(v) #v, for n =
123, - ————————— m-—1.
Therefore we can write
Pe (Tv,v) = Do (T, T(T™ 1))
If m > 1, then from (3.1.1)

. Pa(T@))De (T 10,7 () )+D (T v, T (T 10) ) D (v, (T 1v) )
- P (VT(W))+Do (T™ 10, T(T™~1v))+po (v,T(T™~10))+Dy (T™~10,T (v))
pa(WT(¥))Dy (Tm_lv,T(Tm_lv))ﬂ)a(v,T(Tm _1U))Da (Tm_lv,T(v))+[pa (v,Tm_lv)]z
B pa(v,T(v))+Da (Tm‘lv,T(Tm _1v))+pa (v,T(Tm_lv))+Da (Tm_lv,T(v))
pa(v,T(v))pa(v,T(Tm _1v))+Da (Tm_lv,T(Tm _1U))Da (Tm_lv,T(v))+[pa (v,Tm_lv)]z
Pa (V. TW))+De (T 10, T(T™~10))+po (v, T (T ~10) ) 4D (T™ 10, T (v))+po (v, T ~1v)
+1]pe (v, TW)) + Do (T™ 10, T(T™ 1)) | + plpo (v, T(T™ 1)) + D, (T™ 10, T(v))] +
8pa (v, T 1v)
) pa(v,T(v))Da(Tm_lv,T(v))+p,1(Tm_lv,v)d(v,v)
pa(TW))+po (T 1v,0)+d (v w)+d (T™1v,T(v))
pa(v.T(W))pa (Tmflv,v)+d(v,v)Da (Tmflv,T(v))+[pa(V,Tmflv)]z
ﬁpa(v,T(v))+Da(Tmflv,v)+d(v,v)+Da(Tmflv,T(v))+pa(v,Tm*1v)
Pa (v,T(v))d(v,v)+pa(Tmflv,v)Da (Tmflv,T(v))+[pa(V,Tmflv)]
Ty pa (WT())+De (T 10, T (T 10))+p o (v,T(T™ 1)) +Do (T™ 10, T (V) ) +p o (v, T™ " 1v)
+n[pa (v, T(v)) + pg (T 1y, v)] + ,u[d(v, v)+ D, (Tm_lv, T(v))] +8p, (v, T 1)
o Pa(TW)lpa(T"ww)tpa(wI W) B pa (2T @))pa (T ~Lv,0)+[pu (v 10)]°
pa(T(W))+po (0, T™~10)+D, (T 10T (v)) pa (T (W) +Do (T(W),T™ 1) +2p, (T 1v,p)
m—1 m—1,\12
+y L ("!‘,7;(63 )Tp(f,gwa sz,);ﬁm(_vlig?z) :a[’(];‘,g”_'fv'v) D n[pe (v, T@W)) + po (T™ 10, 1)]
o0 (T™10,9) + g (4, T())] + 80 (v, T 1)
20T (" )05 | (T @)™ Ho0)ln (o)
2p4(v,T()) 3po (T 1v,v)

m—1 m-—1 m—1 2
oy e o)l 3 pZ'?T)Z’L(;:(U))][p“(V'T )] +1[pe (v, T(V)) + po (T™ 0, v)]

+,u[pa (T™ v,v) + pg (U,T(v))] + 6p, (v, T 1v)
- - 2 _
P (Tv, V) < [%+B +§+n +,u]pa(Tv,v) + [%+§+?y+n +y]pw(Tm Ly, v)

2
[t +]
=[5

2

2
<«

Py (Tv,v) < Sp, (T™ v, v), where S = <1,

Because 3a* + 28 + 3y +6n+ 6u <3

On continuing this process, we can write this

P« (Tv,v) < S™p,(Tv, v), which contradicts because S™ < 1.s0 Tv =v

That is v is fixed point of T. Uniqueness can be verified also by using simple analysis.

Now we further generalize the result of theorem (3.3.1) which T is neither continuous nor satisfies (3.1.1). In
what condition T™ satisfies the same rational expressions and continuous, where m is a positive integer, still T has
unique fixed point.

Theorem 3.2: Let T be a self map, defined on a complete metric space X, such that for some positive integer m satisfy

the conditions:
m m & Pa(T™(X))pa(y,T™ () +pa (y.T™ ))pa (x,T™ (¥))

Da (T (), T (y)) sa Pa (T () +po (¥, T™ ()40 (x,T™ (1)) +pa (y.T™ (x))
+B Pa(x.T™())pa (¥.T™ (1)) +pa (£, T™ (¥))pe (y,T™ () +[d (x,y)]?

Pa (T () +po (YT )40 (x,T™ (1)) +pa (y.T™ (x))+d (x,y)
Pa (X T™(X))pa (£ T™ (1)) +pa (. T™ (1))pa (. T™ () +d (x,3)]1*
Pa (T () +0a (¥, T™ ) +0a (x,T™ (1)) +pa (y,T™ (x))+d (x,y)
[ (2, T™ () + pu (v, T N)] + 1o (. T @) + po (v, T™ ()] + 8d(x, )
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Forall x,y € X, x # y with

P (X, T () + pa (v, T™ ) + pa (X, T™ () + e (v, T™ (X)) # 0
and a*,8,y,8,n, ¢ € [0,1) with
3a*+ 2+ 3y + 36 +6n+6u<3.if T™ is continuous,
Then T has fixed point in X.
Proof: From theorem, we assume that T™ has fixed point v. Also
T(w) = T(T™v) = T™(Tv) = T""(v) = v
Thatis T(v) = wv. Further since a fixed point of T is also a fixed point of T™.
Theorem 3.3: Let T be a continuous self mapping defined on a complete 2-Metric space X further T is fuzzy mapping
from X into W, (X) such that
Do (T(x), T(y),a) < K(M(x,y,a)),
« Pa(x,T(x)a)pa .T(x),a)+pa 0. T(¥),a)pa (x,T(),a)
Do (T TO, @) < & e T 90 0 T, T VD
B Pa (6T ().0)pa VT (1).@)+pa (0T ().a)pa (v, T (x),a)+[d (x,y,a)]?

Pa (0T (x)a)+pa . T(¥)a)+po (0T (¥)a)+pe . T (¥).a)+d (x,y.a)

Pa (2T ()@)pa (6T ()@ +pe 0.7 (1).0)pa 0.7 (1)) +[d (x,y,a)]°

Pa (e T(x),a)+pa V. T(V)a)+pa (X, T(V),a)+pa . T(y)@)+d (x,y.a)
+6d(x,y,a)
Forall€ x,yX, x #y with p,(x,T(x),a)p,(y, T(y),a) + p,(x,T(y),a)p, (v, T(x),a) # 0.
And a*,B,v,6 € [0,1),a > 0 with 3a* + 28 + 3y + 36 < 3.K is non decreasing function such that
K:[0,0) - [0,0),K(0) =0 and K(t) <t Vt € (0,), then 3 x € X such that common fuzzy point of T iff
X9, X1 € X such that Y;°_; K"d(xy, x4, @) < oo.in particular if « = 1, the x is fixed point of T.
Proof: If there exists x € X such that x, is fixed fuzzy point of F, i.e. x, € T(x) then Y}7_; K"d(x,x,a) = 0. Let x, € K
and suppose that there exists x; € (T(xg)), such that

Y 1 K™d(xg,x1,a) < oo, since (T(xg)), is non compact subset of X, then there exists
x1 € (F(x1))q, such that
d(xll X2, a) = Pa (xl; T(xl)J a) < Da (T(XO), T(xl)' Cl)

By induction we construct a sequence {x,} in X such that x, < (T(x,_1)), and
d(x,,x,_1,a) < D, (T(x,), T(x,_1),a). since K is given to be non-decreasing, so
d(xpi1,%p, @) < Do (T (%), T (Xp—1), @)

v Pa(n T(xn)a)pa(Xn—1,T(xn),a)+pa (xn—1,T (Xn—1),8)pa (X0, T (X5 —1),)
Pa (T (xp),a)+p g (xp—1,T(xp—1),a) +p o (7, T (X —1),)p e (xn—1,T (x5),a)
+B pa(xan(xn)va)pa(xn—er(xn—l)ra)'hDa(xn—er(xn—l)ra)pa(xn—l'T(xn)za)"'[d(xnrxn—l,a)]z
Pa(xn,T(xp)a)+pg (en—1,T (xp—1),a)+pq (xn,T(xn-1),0)pq (xn—1,T (xy),a)+d (xy,Xn-1,0)
pa(xnvT(xn)va)pa(xan(xn—l)va)+pa(xn—er(xn—l)'a)pa(xn—l'T(xn)za)+[d(xnjxn—lja)]z
Pa(n,T(xp)a)+pg (X —1,T (Xxn—1),a)+pg (T (xn—1),a)pa (xn—1,T (xy),a)+d (xp X n—1,a)
+6d(xp, xp_1,a)
v Q0% 41,0)[d(n—1,%0,0)+d (Xn, X0 +1,0)]
d(xpxn41,0)+d (xXn,xn—1,a)+d (X —1,%n+1,0)
ﬁ d(xn.xn+1.a)d(xn_l,xn,a)+[d(xn,xn+1,a)]2
d(xn,xn1+1,0)+d (xXnxp+1,0)+d (Xn—1,%n +1,2)
+y d(xn—lvxn:a)[d(xn—lvxnva)+d(xnrxn+1ra)]+[d(xnrxn+1ra)]2

2d (p—1,%n+1,0)+d (Xn—1,%n +1,8)+d Xy 4+1,%5,2)
+8d(xy,, Xp—1, @)
<a d(xp xn41,0)[d (p —1,%0,0) +d (Xn,%5 +1,0)]

Zd(xnrxn+1ra)
d(xp 2y +1,0)d (0 —1,%0,0) +[d Gep 20 —1,0)12

+B
+y
+5d(xn,xn 1,@)
[d(xn lixn'a) + d(anxn+1; a)] [d(xnixn+li a) + d(xnvxn—lv a)]
[Zd(xn 10 Xn» Cl) + d(xn'xn+1J a)] + 6d(anxn 1, a)

3d(xp_1,%p,a)
d(xn—l'xn’a)[d(xn—l'xn'a)+d(xnrxn+1ra)]+[d(xnrxn—lra)]z
3d(xp_1,%p,a)

1
3[ += +2y+6]d(xn 1,xn,a)+[ + + ]d(xn, Xp41, @)
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* * 2
{1 — [a? + % + %]} d(x,, Xp41,a) < [a? + % + ?y + 5] d(xp_1,Xp, )
d(xnl xn+1la)ﬁsz Kd(xn—ll xn'a)
a, b2y
Where K = —[2+3a+§ +y5]
{1-[5+5+51)

d(xn' xn+1'a) < Kd(xn—l' xn;a)

< 1,because 3a + 28 + 3y + 36 < 3

d(x,, Xp+1,a) < K*d(xg, x,,a)

By the inequality, we have form > n

d(xn; Xm a) < d(xn' xn+1'a) + d(xn+1; xn+2;a) T + d(xm—l’ xmra)
< [KM"+< K"+< K"l 4oL < K™ 1d(xy, Txg, a)

Kn
d(x,, x,,a) < ﬁd(xo,Txo,a) - 0,asm,n - o

So {x,} is a Cauchy sequence in X. So by the completeness of X, there is a pointve X such thatx, —» vasn - o
P, T(x),a) < d(x, xp,a) + pg (xn, T(x), @)
<d(x, x,,a) + Do (T (x,-1), T(x),a) < d(x, x,,a) + Kd(x,_1,x,a)
Consequently, p, (x,T(x),a) = 0, and by lemma 2.1 x, < T(x)

Clearly x, is a fixed fuzzy point of the fuzzy mapping T over X. In particular if « = 1 then x is a fixed point of
T.

Now we are proving another fixed point theorem for 2-Metric space.
Theorem 3.4

Let T be a fuzzy mapping on a complete 2-Metric space X. further T satisfies the following conditions:

Pa(x,T(),)pa v, T(¥).a) pa(x,T(),@)pa(y,T(x),a)
D, (T(x), T(y),a) < a*max d(x,y,a) ’ d(x,y,a)
d(x,y,a)

Forallx,y € X,x # y And a*,B,7,6 € [0,1),a > 0 with 3a*+ 28 + 3y + 36 < 3.
Then T has fixed point in X.
Proof

Let x, be an arbitrary point in X and we define a sequence {x,} by means of iterates of T by setting,
T.(xq) = x1, where n is a positive integer. If x, = x,,,for some n, then x, is a fixed point of T. Taking x, #
X1 for alln, then
d(xn+1' xn'a) = d(Txn' Txn—l'a)

PaCen, T(xn),a)pa (n—1,T (¥n—-1),a)

d(xp, xp-1,a)

Pa(n, T(xn—-1),a)pa (Xn—1,T(Xn-1),a)

d(xn, xp-1,a)
d(xn' xn+1'a) =< amax[d(xnv xn+1,a),d(xn, xn—l:a)]
d(xn' xn+1'a) <a d(xn—lﬁ xn'a)

D,(Tx,, Tx,_q,a) < a max

,d (%X, Xp_1,@)

d(xn' xn+1' a) S a?’l d(x()! xl!a)

By the triangle inequality, we have form > n

d(x,, xpm,a) < d(x,, Xpe1, @) +d(Xp g1y X2, @) + 0 e +d(Xp_1, Xpm,a)
< [a"+< @™t < e +< a™ d(x,, Txy, a)

n
d(x,, X, a) < f:d(xo, Txy,a) — 0,asn - o

So {x, } is a Cauchy sequence in X. So by the completeness of X, there is a point veX such thatx, - vasn - o
But by the continuity of T in X implies

TW) = TIlimy, e X, | = limy, L0 Ty, = limy, o0 X1 = V..

So vis a fixed point of TinX.
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